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D Wudfwdeoh Dssurdfk wr wkh Ilup Orfdwlrq
Ghflvlrq Sureohp�

Sdxor Jxlpduæhv
Xqlyhuvlgdgh gr Plqkr dqg QLPD

Rfwäylr Iljxhluhgr
Xqlyhuvlgdgh gr Sruwr dqg FHPSUH

Grxj Zrrgzdug
Xqlyhuvlw| ri Vrxwk Fdurolqd

Pd| 56/ 5333

Devwudfw

Wkh Udqgrp Xwlolw| Pd{lpl}dwlrq0edvhg frqglwlrqdo orjlw prgho
kdv surylghg dq dghtxdwh iudphzrun wr prgho �up orfdwlrq ghflvlrqv1
Krzhyhu/ lq sudfwlfh/ wkh lpsohphqwdwlrq ri wklv phwkrgrorj| suhvhqwv
sureohpv zkhq rqh kdv wr kdqgoh frpsoh{ fkrlfh vfhqdulrv zlwk d
odujh qxpehu ri vsdwldo dowhuqdwlyhv1 Dqrwkhu zhdnqhvv ri wkh orjlw
dssurdfk lv wkh xqghuo|lqj Lqghshqghqfh ri Luuhohydqw Dowhuqdwlyhv
+LLD, dvvxpswlrq1

Lq wklv sdshu zh srvlw wkh Srlvvrq uhjuhvvlrq dv d wudfwdeoh vroxwlrq
wr wkhvh sureohpv1 Dfwxdoo|/ wkh frh!flhqwv ri wkh frqglwlrqdo orjlw
prgho fdq eh htxlydohqwo| hvwlpdwhg xvlqj d Srlvvrq uhjuhvvlrq1 Pruh0
ryhu/ e| dsso|lqj wkh �{hg0h�hfwv Srlvvrq prgho rqh fdq hdvlo| dqg
pruh h�hfwlyho| frqwuro iru vrph irupv ri wkh srwhqwldo LLD ylrodwlrq1

�Wklv uhvhdufk zdv vxssruwhg zlwk d judqw iurp IFW +SUD[LV2F2HFR24646724<<;,
Frpphqwv duh zhofrph1
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4 Lqwurgxfwlrq

Wkh glvfuhwh fkrlfh prgho lv qrz zhoo hvwdeolvkhg dv wkh suhydlolqj hpslulfdo
phwkrg xqghuo|lqj lqgxvwuldo orfdwlrq vwxglhv1 Wklv prghoolqj dssurdfk zdv
�uvw lpsohphqwhg e| Fduowrq +4<:<, zkr uhdol}hg wkdw PfIdgghq*v pxowlqr0
pldo orjlw prgho frxog eh hdvlo| dgdswhg wr �up orfdwlrq ghflvlrqv1 Prvw
vxevhtxhqw uhvhdufk rq wklv wrslf kdv uholhg rq wkh glvfuhwh fkrlfh phwkrg0
rorj| ^h1j1Fduowrq +4<;6,/ Eduwln +4<;8,/ Oxjhu ) Vkhww| +4<;8,/ Kdqvhq
+4<;:,/ Vfkphqqhu/ Kxehu ) Frrn +4<;:,/ Frxjkolq/ Whu}d ) Duurpghh
+4<<4,/ Zrrgzdug +4<<5,/ Iulhgpdq/ Jhuorzvnl ) Vloehupdq +4<<5,/ Khdg/
Ulhv ) Vzhqvrq +4<<8,/ Jxlpduæhv/ Uroih ) Zrrgzdug +4<<;,/ Jxlpduæhv/
Iljxhluhgr ) Zrrgzdug +5333,`1

Wkh srsxodulw| ri wklv dssurdfk uhvlghv lq wkh idfw wkdw wkh uhvxowlqj
hfrqrphwulf vshfl�fdwlrq lv rewdlqhg gluhfwo| iurp wkh UdqgrpXwlolw| +Sur�w,
Pd{lpl}dwlrq iudphzrun ghyhorshg e| PfIdgghq +4<:7,1 Li zh frqvlghu
wkh h{lvwhqfh ri M vsdwldo fkrlfhv zlwk � ' �c ���c a dqg Q lqyhvwruv zlwk
� ' �c ���c � / wkhq wkh sur�w ghulyhg e| lqyhvwru l li kh orfdwhv dw duhd m lv
jlyhq e|

Z�� ' ��3�� n 0��
zkhuh � lv d yhfwru ri xqnqrzq sdudphwhuv/ 3�� lv d yhfwru ri h{sodqdwru|

yduldeohv dqg 0�� lv d udqgrp whup1 Wkxv/ wkh sur�w iru lqyhvwru l ri orfdwlqj
dw m lv frpsrvhg ri d ghwhuplqlvwlf dqg d vwrfkdvwlf frpsrqhqw1 Wkh lqyhvwru
zloo fkrrvh wkh duhd wkdw zloo |lhog klp wkh kljkhvw h{shfwhg sur�w1

Li wkh 0�� duh lqghshqghqw dqg Zhlexoo glvwulexwhg/ wkhq lw fdq eh vkrzq
wkdw

R�� '
i TE��3���
aS

�'�

i TE��3���

/

zkhuh R�� lv wkh suredelolw| wkdw lqyhvwru l orfdwhv dw m1 Li zh ohw _�� ' �
lq fdvh lqglylgxdo l slfnv fkrlfh m dqg _�� ' f rwkhuzlvh/ wkhq zh fdq zulwh
wkh orj0olnholkrrg ri wkh frqglwlrqdo orjlw prgho dv

*L}uS, '
�S
�'�

aS
�'�

_�� *L} R��1

Lq sudfwlfh/ wkh dssolfdwlrq ri wklv dssurdfk wr lqgxvwuldo orfdwlrq vwxg0
lhv srvhv vhyhudo txhvwlrqv1 Wkh �uvw rqh lv uhodwhg wr wkh vsdwldo fkrlfh
vhw1 Vhyhudo dxwkruv ^Eduwln +4<;8,/ Frxjkolq hw do1 +4<<4,/ Iulhgpdq hw do1
+4<<5,/ Iulhgpdq/ Ixqj/ Jhuorzvnl ) Vloehupdq +4<<9,/ Khdg hw do1 +4<<8,`
kdyh prghoohg orfdwlrq fkrlfhv dprqj kljko| djjuhjdwhg uhjlrqv vxfk dv
X1V1 vwdwhv/ odujh jhrjudsklf xqlwv wkdw hqfrpsdvv vxevwdqwldo khwhurjhqh0
lw| zlwklq wkhpvhoyhv1 Lghdoo|/ qduurz duhdv vkrxog eh xvhg ehfdxvh idfwruv
xvxdoo| lghqwl�hg dv uhohydqw iru orfdwlrq ghflvlrqv +vxfk dv djjorphudwlrq
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hfrqrplhv/ oderu pdunhw frqglwlrqv/ ru wkh frvw ri odqg, dsso| wr d orfdo
ohyho dqg frqvhtxhqwo| wkh| fdq qrw eh dghtxdwho| dffrxqwhg iru zkhq wkh
prgho frqvlghuv odujh duhdv lq wkh vsdwldo fkrlfh vhw14 Wklv sureohp zdv uhf0
rjql}hg e| wkh slrqhhuv ri hpslulfdo orfdwlrq vwxglhv vxfk dv Fduowrq +4<;6,/
zkr xvhg yhu| qduurzo| gh�qhg jhrjudsklf uhjlrqv lq wkh Xqlwhg Vwdwhv/
dqg Kdqvhq +4<;:,/ zkr xvhg flwlhv lq wkh Vær Sdxor vwdwh lq Eud}lo1 Zrrg0
zdug +4<<5, xvhg vhsdudwhg frqglwlrqdo orjlw prghov wr whvw orfdwlrq ghflvlrqv
lq erwk vwdwhv dqg frxqwlhv dfurvv wkh Xqlwhg Vwdwhv1 Pruh uhfhqw vwxglhv
^Jxlpduæhv hw do1 +4<<;,/ Jxlpduæhv hw do1 +5333,` uhvxphg wkh qduurzo|
gh�qhg vsdwldo fkrlfh vhw dssurdfk15

Dq hfrqrphwulf gl!fxow| udlvhg e| wkh xvh ri qduurzo| gh�qhg uhjlrqv
kdv wr gr zlwk wkh kdqgolqj ri odujh fkrlfh vhwv1 Lq wklv fdvh lw ehfrphv fxp0
ehuvrph wr hvwlpdwh d frqglwlrqdo orjlw prgho1 Lq wkh sdvw vrph uhvhdufkhuv
^Kdqvhq +4<;:,/ Zrrgzdug +4<<5,/ Iulhgpdq hw do1 +4<<5,/ Jxlpduæhv hw do1
+4<<;,/ Jxlpduæhv hw do1 +5333,` kdyh iroorzhg d vxjjhvwlrq jlyhq e| PfIdg0
ghq +4<:;,/ lq zklfk wkh orjlw prgho frxog vwloo eh hvwlpdwhg e| xvlqj vpdoohu
fkrlfh vhwv zklfk zhuh udqgrpo| vhohfwhg iurp wkh ixoo fkrlfh vhw1 Wkh hvwl0
pdwruv zloo vwloo eh frqvlvwhqw exw qrw pxfk lv nqrzq derxw lwv vpdoo vdpsoh
surshuwlhv zklfk pd| eh yhu| gl�huhqw iurp wkh dv|pswrwlf rqhv1 Fohduo|/
wkh| vkrxog eh ohvv h!flhqw ehfdxvh wkh| glvuhjdug xvhixo lqirupdwlrq16 Dq
dgglwlrqdo gudzedfn ri wkh hvwlpdwhv rewdlqhg e| vdpsolqj dowhuqdwlyhv lv
wkdw wkh| fdqqrw eh lqghshqghqwo| uhsolfdwhg1

D vhfrqg sureohp ri wkh frqglwlrqdo orjlw prgho kdv wr gr zlwk wkh Lq0
ghshqghqfh ri Luuhohydqw Dowhuqdwlyhv +LLD, dvvxpswlrq1 Frqglwlrqdo orjlw
prghov uho| rq wkh lghd wkdw wkh 0�� duh lqghshqghqw dfurvv lqglylgxdov dqg
fkrlfhv dqg frqvhtxhqwo| wkdw doo orfdwlrqv duh v|pphwulf vxevwlwxwhv diwhu
frqwuroolqj iru revhuydeoh fkdudfwhulvwlfv1 Zkloh vrph uhvhdufkhuv kdyh vlpso|
ljqruhg wklv srwhqwldo sureohp rwkhuv kdyh frqwuroohg iru wkh h{lvwhqfh ri xq0

4Frqvlghu iru h{dpsoh wkh vwdwh ri Fdoliruqld1 Li wkh odujh qxpehu ri �upv fkrrvlqj wr
orfdwh lq wklv vwdwh duh gudzq e| wkh djjorphudwlrq hfrqrplhv ri Vlolfrq Ydooh|/ d prgho
wkdw frqvlghuv wkh vwdwh dv wkh xqlw ri ghflvlrq frxog eh xqdeoh wr slfn xs wkh lq xhqfh
ri vwdwh djjorphudwlrq hfrqrplhv1 Wklv zrxog kdsshq ehfdxvh wkh h�hfw ri wkh orfdo
djjorphudwlrq hfrqrplhv zdv gloxwhg lq wkh vwdwh yduldeoh1

5Wkh lqfuhdvlqj dydlodelolw| ri plfur gdwd vhwv zloo suredeo| vwlpxodwh d vxujh lq vwxglhv
xvlqj qduurzo| vshfl�hg fkrlfhv1

6Wudlq +4<;9, dovr qrwhv wkdw wkh hvwlpdwru edvhg rq d vxevhw ri dowhuqdwlyhv lv qrw
h!flhqw1 Wkh vdph orjlf dssolhv wr wkh hvwlpdwhv edvhg rq wkh djjuhjdwlrq ri dowhuqdwlyhv
+vhh PfIdgghq +4<:;, ru Ehq0Dnlyd ) Ohupdq +4<;8,,1 Wklv vroxwlrq zdv lqlwldoo| sur0
srvhg lq wkh frqwh{w ri lqgxvwuldo orfdwlrq ghflvlrq vwxglhv e| Eduwln +4<;8, zkr mxvwl�hg
wkh fkrlfh ri vwdwhv dv uhvxowlqj iurp wkh djjuhjdwlrq ri wkh wuxh dowhuqdwlyhv frqvlghuhg
e| �upv1
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revhuydeoh fruuhodwlrq dfurvv fkrlfhv17 Kdqvhq +4<;:,/ Rqgulfk ) Zdv|ohqnr
+4<<6, dqg Jxlpduæhv hw do1 +4<<;, kdyh hvwlpdwhg d wzr0vwhs olplwhg lqiru0
pdwlrq qhvwhg orjlw zkloh rwkhu dxwkruv vxfk dv Eduwln +4<;8,/ Zrrgzdug
+4<<5, dqg Oxnhu +4<<;, kdyh frqwuroohg iru wkh LLD e| lqwurgxflqj gxpp|
yduldeohv iru odujhu uhjlrqv1 Krzhyhu/ erwk dssurdfkhv duh rqo| ydolg li zh
duh zloolqj wr dvvxph wkdw LLD krogv zlwklq vxevhwv ri wkh fkrlfh vhw +orzhu
ohyho qhvwv iru wkh qhvwhg orjlw dqg odujhu uhjlrqv iru wkh gxpp| surfhgxuh,1

Dqrwkhu sureohp riwhq flwhg lq wkh olwhudwxuh lv uhodwhg wr wkh frpprq
sureohp wkdw qr lqyhvwphqw ghflvlrqv duh revhuyhg lq vrph sduwlfxodu duhdv1
Zkloh wklv lv qrw dq lvvxh iurp dq hfrqrphwulf vwdqgsrlqw/ lw lv d sudfwlfdo
sureohp lq wkh vhqvh wkdw h{lvwlqj vriwzduh pd| uhtxluh wkdw doo fkrlfhv eh
vhohfwhg1 Wklv kdv ohg vrph dxwkruv wr gurs vsdwldo fkrlfhv iurp wkhlu gdwd
vhw ^Zrrgzdug +4<<5,/ Khdg hw do1 +4<<8,/ Oxnhu +4<<;,`/ wkurzlqj dzd|
xvhixo lqirupdwlrq1 Rwkhuv/ lq uhvsrqvh wr wklv sureohp/ dssurdfkhg wkh
orfdwlrq sureohp gl�huhqwo|/ dsso|lqj �wrelw� uhjuhvvlrq wr wkh qxpehu ri
lqyhvwphqwv lq d jlyhq uhjlrq ^Vplwk ) Iorulgd +4<<7,/ Ö*kXdoodfkälq )
Uhlg +4<<:,`1 Dowkrxjk �wrelw� lv d frpprq dowhuqdwlyh wr ghdo zlwk wkh
�}hur sureohp/� lw lv kdugo| mxvwl�hg lq wklv orfdwlrq frqwh{w1 Lpsruwdqwo|/ lw
odfnv d wkhruhwlfdo xqghuslqqlqj vxfk dv wkh Udqgrp Xwlolw| Pd{lpl}dwlrq
iudphzrun1 Dovr/ wkh ghshqghqw yduldeoh lv glvfuhwh dqg wkh }hur revhuydwlrq
lv d qdwxudo rxwfrph ri wkh yduldeoh ehlqj prghoohg1

Lq wkh iroorzlqj zh vkrz wkdw dq htxlydohqw dssurdfk wr wkh frqglwlrqdo
orjlw prgho lv wkh Srlvvrq uhjuhvvlrq1 Dv lw wxuqv rxw/ wkh Srlvvrq uhjuhv0
vlrq zloo surgxfh h{dfwo| wkh vdph uhvxowv dv wkh frqglwlrqdo orjlw prgho1
Pruhryhu/ xqghu fhuwdlq flufxpvwdqfhv/ suhvhqw lq lqgxvwuldo orfdwlrq ghfl0
vlrqv vwxglhv/ wkh Srlvvrq uhjuhvvlrq lv vxevwdqwldoo| vlpsohu wr lpsohphqw
jlyhq wkdw lw qdwxudoo| kdqgohv wkh �}hur� dqg wkh �odujh fkrlfh vhw� sure0
ohpv1 Zh dovr vkrz wkdw wkh �{hg0h�hfwv yhuvlrq ri wklv prgho fdq eh xvhg wr
pruh h�hfwlyho| frqwuro iru wkh srwhqwldo LLD sureohp uhvxowlqj iurp xqhtxdo
vxevwlwxwdelolw| ri hohphqwdo vsdwldo fkrlfhv1

5 Wkh Uhodwlrq ehwzhhq wkh Frqglwlrqdo Orjlw

Prgho dqg wkh Srlvvrq Uhjuhvvlrq

D zhoo0nqrzq uhodwlrq ehwzhhq wkh Srlvvrq dqg wkh pxowlqrpldo glvwulexwlrq
+Mrkqvrq/ Nrw} ) Edodnulvkqdq 4<<:, vwdwhv wkdw li f�c f2c ���c fa duh lqgh0

7Qrwh wkdw li wklv sureohp rffxuv lw lv pruh olnho| wr eh uhohydqw zkhq ghdolqj zlwk
vpdoo jhrjudsklfdo xqlwv1 Iru h{dpsoh/ rqh zrxog h{shfw wzr dgmdfhqw frxqwlhv wr eh
forvhu vxevwlwxwhv wkdq wzr dgmdfhqw vwdwhv1
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shqghqw Srlvvrq udqgrp yduldeohv zlwk h{shfwhg ydoxhv b�c b2c ���c ba / uhvshf0

wlyho|/ wkhq/ frqglwlrqdo rq
aS

�'�

f� ' � / wkh mrlqw glvwulexwlrq rif�cf2c ���cfa

lv pxowlqrpldo zlwk sdudphwhuv +� ( R�c R2c ���c Ra, zkhuh R�/ wkh suredelolw| ri
rffxuuhqfh ri hyhqw m/ lv jlyhq e| R� '

b�
aS

�'�

b�

1 Lw lv fohdu wkdw li wkh xvxdo

sdudphwul}dwlrq iru wkh Srlvvrq prgho lv xvhg/ b� ' i T Ekn ��3�� c wkhq
R� uh hfwv wkh frqglwlrqdo orjlw vshfl�fdwlrq81 Zh zloo h{soruh wklv uhodwlrq
dqg yhuli| krz lw dssolhv wr wkh fdvhv frpprqo| ghdow zlwk lq wkh lqgxvwuldo
orfdwlrq olwhudwxuh1

514 Fdvh 4= 3lm ' 3m

Ohw xv vwduw e| dvvxplqj wkdw lqglylgxdo ghflvlrqv duh edvhg h{foxvlyho| lq d
yhfwru ri fkrlfh0vshfl�f dwwulexwh yduldeohv frpprq wr doo ghflvlrq0pdnhuv/
dv lq Eduwln +4<;8,/ Frxjkolq hw do1 +4<<4,/ Zrrgzdug +4<<5, dqg Jxlpduæhv
hw do1 +4<<;,1 Lq wklv fdvh/ 3�� ' 3� dqg vr wkh orj0olnholkrrg iru wkh frqglwlrqdo
orjlw prgho htxdov/

*L}uS, '
�S
�'�

aS
�'�

_�� *L} R�� '
aS
�'�

?� *L} R�/

zkhuh ?� lv wkh qxpehu ri lqyhvwphqwv sodfhg lq orfdwlrq m1 Li zh dvvxph
wkdw wklv yduldeoh iroorzv d Srlvvrq glvwulexwlrq dqg pdnh/

.E?�� ' b� ' i TEkn ��3��/
wkhq zh fdq zulwh wkh orj0olnholkrrg ixqfwlrq dv/

*L}u� '
aS
�'�

d�b� n ?� *L} Eb��� *L} E?�-�o '

'
aS

�'�

d� i T Ekn ��3�� n ?� Ekn ��3��� *L} E?�-�o/

surylghg wkh ?� duh lqghshqghqwo| glvwulexwhg1 Iurp wkh �uvw rughu frq0
glwlrq zlwk uhvshfw wr k zh rewdlq/

Y *L}u�

Y�
'

aS
�'�

d?� � i TEkn ��3��o ' f/

dqg vr/
i TEk� ' �

aS

�'�

i TE��3��

1

Li zh uhsodfh k edfn lqwr wkh orj0olnholkrrg zh rewdlq wkh frqfhqwudwhg
orj0olnholkrrg/

8Fohduo|/ � fdq qrw eh lghqwl�hg1
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*L}u�S ' �� n� *L} E���
aS

�'�

?� *L}

#
aS

�'�

i TE��3��

$
n

n
aS

�'�

?���3� �
aS

�'�

*L} E?�-� '

'
aS

�'�

?� *L} R� �� n� *L} E���
aS

�'�

*L} E?�-�1

Wkh �uvw whup lq wkh h{suhvvlrq lv wkh orj0olnholkrrg ri wkh frqglwlrqdo
orjlw prgho dqg wkh dgglwlrqdo whupv duh frqvwdqwv1 Frqvhtxhqwo|/ wkh hvwl0
pdwhv rewdlqhg iru � duh wkh vdph lq erwk prghov1 Wkh hvwlpdwhg fryduldqfh
pdwul{ zloo dovr eh lghqwlfdo lq erwk prghov surylghg wkh hvwlpdwru lv wkh qhj0
dwlyh lqyhuwhg ri wkh hpslulfdo Khvvldq +Gdylgvrq ) PdfNlqqrq 4<<6,1

Wkxv/ zh fdq frqfoxgh wkdw uhvxowv vxfk dv wkrvh rewdlqhg lq Eduwln
+4<;8,/ Frxjkolq hw do1 +4<<4, dqg Zrrgzdug +4<<5, frxog eh lghqwlfdoo|
rewdlqhg e| uxqqlqj d vlpsoh Srlvvrq prgho zlwk wkh qxpehu ri lqyhvwphqwv
lq hdfk orfdwlrq dv d ghshqghqw yduldeoh dqg 3� dv h{sodqdwru| yduldeohv1 Lw lv
dovr qrz hylghqw wkdw wkh }hur revhuydwlrqv frqvwlwxwh qr sureohp dqg frxog
kdyh ehhq frqvlghuhg lq wkh hvwlpdwlrq surfhgxuh1 Lw vkrxog dovr eh fohdu wkdw
wkh hvwlpdwlrq ri wkh orzhu ohyho qhvwv lq Zrrgzdug +4<<5, dqg Jxlpduæhv
hw do1 +4<<;, zrxog kdyh ehqh�whg li wkh dxwkruv kdg frqvlghuhg wkh Srlvvrq
uhjuhvvlrq dssurdfk dv dq dowhuqdwlyh wr wkh udqgrp edvhg whfkqltxh wr ryhu0
frph wkh odujh qxpehu ri fkrlfhv1 Qrwh dovr wkdw rxu uhvxow vkrzv wkdw wkh
qxpehu ri fkrlfhv htxdov wkh qxpehu ri revhuydwlrqv1 Vlqfh iurp d sxuho|
vwdwlvwlfdo srlqw ri ylhz d odujhu qxpehu ri revhuydwlrqv +fkrlfhv, lv ghvludeoh/
wkh vwdwlvwlfdo hylghqfh r�huhg e| vwxglhv wkdw kdyh prghoohg orfdwlrq fkrlfhv
dprqj kljko| djjuhjdwhg uhjlrqv ^vxfk dv Eduwln +4<;8, dqg Frxjkolq hw do1
+4<<4,` lv olplwhg1

515 Fdvh 5= 3lm ' 3mj/ zlwk } ' �c 2c ���c C

Qh{w frqvlghu d pruh frpsoh{ dssurdfk lq zklfk hdfk orfdwlrq ghflvlrq lv
edvhg lq d yhfwru ri fkrlfh0vshfl�f dwwulexwh yduldeohv frpprq wr jurxsv ri
lqglylgxdov1 Lq wkdw pruh jhqhudo fdvh 3�� ' 3�}/ zlwk } ' �c 2c ���cC/ zkhuh
J lv wkh qxpehu ri gl�huhqw jurxsv ri lqyhvwruv1 Wklv prghoolqj dssurdfk
zdv iroorzhg lq Kdqvhq +4<;:,/ Iulhgpdq hw do1 +4<<5,/ Khdg hw do1 +4<<8,
dqg Jxlpduæhv hw do1 +5333,1 Kdqvhq*v +4<;:, vshfl�fdwlrq lqfoxghv fkrlfh
vshfl�f h{sodqdwru| yduldeohv wkdw dovr fkdqjh zlwk wkh wzr0gljlw pdqxidf0
wxulqj vhfwru ri wkh lqyhvwruv zkloh lq Iulhgpdq hw do1 +4<<5, wkh h{sodqdwru|
yduldeohv duh jurxshg lq wkuhh glvwlqfw wlph shulrgv dffruglqj wr wkh gdwh ri
wkh lqyhvwphqwv1 Lq Khdg hw do1 +4<<8, dqg Jxlpduæhv hw do1 +5333, vwxglhv
lqyhvwruv duh jurxshg lq erwk glphqvlrqv/ wlph shulrgv dqg lqgxvwuldo vhfwruv1
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Lq wklv vhfrqg fdvh/ wkh orj0olnholkrrg iru wkh frqglwlrqdo orjlw prgho lv
jlyhq e|

*L}uS, '
�S
�'�

aS
�'�

_�� *L} R�� '
CS
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zkhuh ?�} lv wkh qxpehu ri �upv iurp jurxs j wkdw vhohfw orfdwlrq m1 Do0
whuqdwlyho|/ zh fdq dvvxph wkdw wkh ?�} duh lqghshqghqwo| Srlvvrq glvwulexwhg
zlwk
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zkhuh d�c�o lv wkh yhfwru ri sdudphwhuv wr eh hvwlpdwhg dqg _} lv d gxpp|
yduldeoh dvvxplqj rqh li wkh revhuydwlrq ehorqjv wr jurxs j1 Frqvhtxhqwo|/
wkh orj0olnholkrrg iru wkh Srlvvrq prgho lv
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Qrz/ zh fdq �frqfhqwudwh0rxw� wkh k}v wr rewdlq
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Djdlq/ wkh Srlvvrq frqfhqwudwhg orj0olnholkrrg lv lghqwlfdo wr wkh orj0
olnholkrrg ixqfwlrq ri wkh frqglwlrqdo orjlw prgho soxv d vhw ri frqvwdqwv1 Wkh
hvwlpdwhv rewdlqhg iurp dq| ri wkh wzr prghov duh htxlydohqw1 Khqfh/ wkh
deryh frpphqwv uhjduglqj wkh xvh ri wkh udqgrp surfhgxuh/ wkh glvfduglqj
ri }hurv/ dqg wkh prghoolqj orfdwlrq fkrlfhv dprqj kljko| djjuhjdwhg uhjlrqv
dsso| htxdoo| zhoo wr wklv vhfrqg fdvh19 Pdq| suhylrxv vwxglhv/ lqfoxglqj
Kdqvhq +4<;:,/ Iulhgpdq hw do1 +4<<5,/ Khdg hw do1 +4<<8, dqg Jxlpduæhv
hw do1 +5333, zrxog dovr kdyh ehqh�whg li wkh| kdg frqvlghuhg wkh Srlvvrq
uhjuhvvlrq dv dq dowhuqdwlyh wr wkh frqglwlrqdo orjlw prgho1

9Qrwh wkdw lq fdvh 5 wkh qxpehu ri revhuydwlrqv lq wkh Srlvvrq uhjuhvvlrq htxdov wkh
qxpehu ri fkrlfhv +M, wlphv wkh qxpehu ri jurxsv +J,1

:



516 Fdvh 6= Frqwuroolqj iru wkh LLD Ylrodwlrq

W|slfdoo|/ lqgxvwuldo orfdwlrq uhvhdufkhuv kdyh irfxvhg rq wkh srwhqwldo sure0
ohp fdxvhg e| wkh h{lvwhqfh ri xqrevhuyhg fruuhodwlrq dfurvv hohphqwdo fkrlfhv
wkdw fdq jhqhudwh d irup ri wkh LLD ylrodwlrq1: Wudlq +4<;9, vkrzv wkdw
dgglqj dowhuqdwlyh vshfl�f frqvwdqwv iru hdfk lqglylgxdo fkrlfh hqdeohv wkh
xvh ri wkh orjlw vshfl�fdwlrq lq wkh suhvhqfh ri wkh deryh phqwlrqhg w|sh ri
LLD ylrodwlrq1 Wklv fdq eh mxvwl�hg li zh dvvxph wkdw wkh LLD sureohp lv
prwlydwhg e| wkh h{lvwhqfh ri xqrevhuydeoh fkrlfh fkdudfwhulvwlfv1 Dv lqgl0
fdwhg lq wkh lqwurgxfwlrq/ vrph vwxglhv/ lq olqh zlwk wklv vxjjhvwlrq/ kdyh
lqwurgxfhg gxpp| yduldeohv iru jurxsv ri hohphqwdo fkrlfhv1; Krzhyhu/ wklv
dssurdfk lv qrw vdwlvidfwru| ehfdxvh lw dvvxphv wkdw wkh LLD dvvxpswlrq vwloo
krogv zlwklq wkh gh�qhg jurxsv1 Dv vkrzq lq Wudlq +4<;9, wr pruh h�hfwlyho|
frqwuro iru wkh srwhqwldo ylrodwlrq ri wkh LLD dvvxpswlrq rqh vkrxog lqfoxgh
d gxpp| yduldeoh iru hdfk lqglylgxdo fkrlfh1 Wklv dprxqwv wr d vshfl�fdwlrq
ri wkh iroorzlqj w|sh/

Z�} ' T�} n 0�} ' B� n ��3�} n 0�}/
zkhuh wkh B�v duh dowhuqdwlyh vshfl�f frqvwdqwv lqwurgxfhg wr devrue idf0

wruv zklfk duh vshfl�f wr hdfk sduwlfxodu fkrlfh1 Lq wklv fdvh doo h{sodqdwru|
yduldeohv +revhuydeoh ru qrq0revhuydeoh, wkdw rqo| fkdqjh dfurvv fkrlfhv +l1h1
ri w|sh 3�, duh devruehg e| wkh dowhuqdwlyh vshfl�f frqvwdqwv1 Krzhyhu/ lq
wkh suhvhqfh ri d odujh fkrlfh vhw wkh lpsohphqwdwlrq ri wklv vxjjhvwlrq lv lp0
sudfwlfdo ehfdxvh ri wkh odujh qxpehu ri sdudphwhuv wr eh hvwlpdwhg1 Rq wkh
rwkhu kdqg/ li rqh dssolhv wr wklv sduwlfxodu sureohp wkh prghoolqj dssurdfk
vxjjhvwhg lq wkh pruh jhqhudo ri wkh wzr fdvhv lqglfdwhg deryh/ lw ehfrphv
fohdu wkdw wkh dowhuqdwlyh vshfl�f frqvwdqw lv d �{hg0h�hfw lq d Srlvvrq uh0
juhvvlrq prgho1 Wkxv/ dv vkrzq lq Kdxvpdq/ Kdoo ) Julolfkhv +4<;7,/ wkh
d�c�o yhfwru fdq eh hvwlpdwhg uhjdugohvv ri wkh qxpehu ri B� sdudphwhuv e|
uxqqlqj d Srlvvrq uhjuhvvlrq zlwk h{shfwhg ydoxh htxdo wr
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Wklv/ lq wxuq/ dprxqwv wr hvwlpdwlqj d frqglwlrqdo orjlw prgho zlwk jurxsv
dv wkh fkrlfh vhw dqg dq dowhuqdwlyh vshfl�f frqvwdqw iru hdfk fkrlfh1<

:Lw lv dovr frqfhlydeoh wkdw xqrevhuyhg fkdudfwhulvwlfv ri wkh fkrrvhuv pljkw pdnh vrph
fkrlfhv forvhu vxevwlwxwhv iru fhuwdlq lqyhvwruv1

;Iru h{dpsoh/ jurxsv ri vwdwhv lq d vwdwh fkrlfh vhw dqdo|vlv1
<Lq sudfwlfh/ iru lghqwl�fdwlrq uhdvrqv/ rqh ri wkh frqvwdqwv kdv wr eh qrupdol}hg wr

}hur1

;



6 Frqfoxvlrq

Wklv sdshu vkrzv wkdw wkh frh!flhqwv ri wkh frqglwlrqdo orjlw prgho fdq
eh htxlydohqwo| hvwlpdwhg xvlqj d Srlvvrq uhjuhvvlrq1 Prvw uhfhqw hpslulfdo
vwxglhv ri lqgxvwuldo orfdwlrq ghflvlrqv frxog kdyh ehqh�whg li wkh dxwkruv
zhuh dzduh ri wklv uhodwlrq1 Pruhryhu/ wklv glvfryhu| pd| suryh sduwlfxoduo|
xvhixo iru ixuwkhu uhvhdufk lq sduwldo htxloleulxp orfdwlrq prghoolqj1 Wkh lq0
fuhdvlqj dydlodelolw| ri ghwdlohg plfur gdwdvhwv zloo suredeo| vwlpxodwh vwxglhv
xvlqj pruh qduurzo| gh�qhg fkrlfh vhwv/ vlqfh iurp d wkhruhwlfdo vwdqgsrlqw
wkh xvh ri vpdoo duhdv lv ghvludeoh1 Lq idfw/ idfwruv xvxdoo| ghhphg uhohydqw
iru orfdwlrq ghflvlrqv +vxfk dv djjorphudwlrq hfrqrplhv/ oderu pdunhw frq0
glwlrqv/ ru wkh frvw ri odqg, dsso| wr d orfdo ohyho dqg fdqqrw eh dghtxdwho|
dffrxqwhg iru zkhq wkh vshfl�hg prgho rqo| frqvlghuv odujh duhdv lq wkh
vsdwldo fkrlfh vhw1 \hw/ lq wkh suhvhqfh ri odujh fkrlfh vhwv/ lw ehfrphv fxp0
ehuvrph wr hvwlpdwh wkh frqglwlrqdo orjlw prgho1 Lq sudfwlfh hvwlpdwruv edvhg
rq h{lvwlqj phwkrgv wr dffrpprgdwh odujh fkrlfh vhwv zlwklq wkh frqglwlrqdo
orjlw prgho duh qrw h!flhqw1 Wkh Srlvvrq uhjuhvvlrq r�huv d wudfwdeoh dowhu0
qdwlyh wkdw zloo surgxfh h{dfwo| wkh vdph uhvxowv dv wkh frqglwlrqdo orjlw dqg
hdvlo| kdqgohv wkh �odujh fkrlfh vhw� sureohp1

Dv ghprqvwudwhg lq wklv sdshu wkh xvh ri qduurzo| gh�qhg duhdv lv dovr
ghvludeoh iurp dq hfrqrphwulf srlqw ri ylhz ehfdxvh lqfuhdvlqj wkh qxpehu ri
fkrlfhv lq wkh frqglwlrqdo orjlw prgho lv htxlydohqw wr lqfuhdvlqj wkh qxpehu
ri revhuydwlrqv lq wkh Srlvvrq uhjuhvvlrq1 Wkxv/ rxu uhvxow dovr vkrzv wkdw
wkh vwdwlvwlfdo hylghqfh vxssolhg e| prvw ri wkh pdmru sdvw vwxglhv lv olplwhg
vlqfh wkh| kdyh prghoohg orfdwlrq fkrlfhv dprqj kljko| djjuhjdwhg uhjlrqv1
Frqvhtxhqwo|/ d qhz jhqhudwlrq ri vwxglhv xvlqj wkh pruh ghwdlohg vsdwldo
gdwdvhw fxuuhqwo| dydlodeoh lv qhfhvvdu|1

Dq hfrqrphwulf gl!fxow| udlvhg e| wkh xvh ri qduurzo| gh�qhg uhjlrqv
uhvxowv iurp wkh idfw wkdw li wkh LLD ylrodwlrq rffxuv lw lv pruh olnho| wr eh
uhohydqw zkhq ghdolqj zlwk vpdoo jhrjudsklfdo xqlwv1 Krzhyhu/ lq wkh prg0
hoolqj dssurdfk ri wkh pruh frpsoh{ dqg jhqhudo ri wkh wzr fdvhv frpprqo|
ghdow zlwk lq wkh lqgxvwuldo orfdwlrq olwhudwxuh +Fdvh 5,/ wkh �{hg h�hfw yhu0
vlrq ri wkh Srlvvrq uhjuhvvlrq fdq eh xvhg wr pruh h�hfwlyho| frqwuro iru wkh
srwhqwldo LLD ylrodwlrq uhvxowlqj iurp xqhtxdo vxevwlwxwdelolw| ri hohphqwdo
vsdwldo fkrlfhv1

Wklv sdshu kdv irfxvhg rq wkh �up orfdwlrq ghflvlrq sureohp1 Krzhyhu/
rxu uhvxowv pd| suryh htxdoo| xvhixo lq dssolfdwlrqv wr rwkhu sureohpv zkhq0
hyhu wkh orjlw prgho lv uhtxluhg1 Dw wkh vdph wlph/ zh lqgluhfwo| vkrz wkdw
wkh frh!flhqwv ri wkh Srlvvrq prgho fdq eh jlyhq dq hfrqrplf lqwhusuhwdwlrq
frpsdwleoh zlwk wkh Udqgrp Xwlolw| +Sur�w, Pd{lpl}dwlrq iudphzrun1

<



Uhihuhqfhv

Eduwln/ W1 +4<;8,/ cExvlqhvv orfdwlrq ghflvlrqv lq wkh xqlwhg vwdwhv= Hvwlpdwhv
ri wkh h�hfwv ri xqlrql}dwlrq/ wd{hv/ dqg rwkhu fkdudfwhulvwlfv ri vwdwhv*/
Mrxuqdo ri Exvlqhvv dqg Hfrqrplf Vwdwlvwlfv 6+4,/ 47�551

Ehq0Dnlyd/ P1 ) Ohupdq/ V1 +4<;8,/ Glvfuhwh Fkrlfh Dqdo|vlv= Wkhru| dqg

Dssolfdwlrq wr Wudyho Ghpdqg/ Wkh PLW Suhvv/ Fdpeulgjh1

Fduowrq/ G1 +4<:<,/Zk| Qhz Ilupv Orfdwh Zkhuh Wkh| Gr= Dq Hfrqrphwulf

Prgho/ Wkh Xuedq Lqvwlwxwh/ Zdvklqjwrq/ G1F1/ ss1 46�831

Fduowrq/ G1 +4<;6,/ cWkh orfdwlrq dqg hpsor|phqw fkrlfhv ri qhz �upv= Dq
hfrqrphwulf prgho zlwk glvfuhwh dqg frqwlqxrxv hqgrjhqrxv yduldeohv*/
Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv 98+6,/ 773�77<1

Frxjkolq/ F1/ Whu}d/ M1 ) Duurpghh/ Y1 +4<<4,/ cVwdwh fkdudfwhulvwlfv dqg wkh
orfdwlrq ri iruhljq gluhfw lqyhvwphqw zlwklq wkh xqlwhg vwdwhv*/ Uhylhz
ri Hfrqrplfv dqg Vwdwlvwlfv :6+7,/ 9:8�9;61

Gdylgvrq/ U1 ) PdfNlqqrq/ M1 +4<<6,/ Hvwlpdwlrq dqg Lqihuhqfh lq Hfrqr0

phwulfv/ R{irug Xqlyhuvlw| Suhvv/ Qhz \run1

Iulhgpdq/ M1/ Ixqj/ K10J1/ Jhuorzvnl/ G1 ) Vloehupdq/ M1 +4<<9,/ cD qrwh rq
%vwdwh fkdudfwhulvwlfv dqg wkh orfdwlrq ri iruhljq gluhfw lqyhvwphqw zlwklq
wkh xqlwhg vwdwhv1%*/ Uhylhz ri Hfrqrplfv dqg Vwdwlvwlfv :;+5,/ 69:�69;1

Iulhgpdq/ M1/ Jhuorzvnl/ G1 ) Vloehupdq/ M1 +4<<5,/ cZkdw dwwudfwv iruhljq
pxowlqdwlrqdo frusrudwlrqvB hylghqfh iurp eudqfk sodqw orfdwlrq lq wkh
xqlwhg vwdwhv*/ Mrxuqdo ri Uhjlrqdo Vflhqfh 65+7,/ 736�74;1

Jxlpduæhv/ S1/ Iljxhluhgr/ R1 ) Zrrgzdug/ G1 +5333,/ cDjjorphudwlrq dqg
wkh orfdwlrq ri iruhljq gluhfw lqyhvwphqw lq sruwxjdo*/ Mrxuqdo ri Xuedq
Hfrqrplfv 7:+4,/ 448�4681

Jxlpduæhv/ S1/ Uroih/ U1 ) Zrrgzdug/ G1 +4<<;,/ cUhjlrqdo lqfhqwlyhv dqg
lqgxvwuldo orfdwlrq lq sxhuwr ulfr*/ Lqwhuqdwlrqdo Uhjlrqdo Vflhqfh Uhylhz
54+5,/ 44<�46;1

Kdqvhq/ H1 +4<;:,/ cLqgxvwuldo orfdwlrq fkrlfh lq vdr sdxor/ eud}lo= D qhvwhg
orjlw prgho*/ Uhjlrqdo Vflhqfh dqg Xuedq Hfrqrplfv 4:+4,/ ;<�43;1

Kdxvpdq/ M1/ Kdoo/ E1 ) Julolfkhv/ ]1 +4<;7,/ cHfrqrplf prghov iru frxqw
gdwd zlwk dq dssolfdwlrq wr wkh sdwhqwv0UG uhodwlrqvkls*/ Hfrqrphwulfd

85/ <3<�<6;1
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Khdg/ N1/ Ulhv/ M1 ) Vzhqvrq/ G1 +4<<8,/ cDjjorphudwlrq ehqh�wv dqg orfd0
wlrq fkrlfh= Hylghqfh iurp mdsdqhvh pdqxidfwxulqj lqyhvwphqwv lq wkh
xqlwhg vwdwhv*/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 6;+607,/ 556�57:1

Mrkqvrq/ Q1/ Nrw}/ V1 ) Edodnulvkqdq/ Q1 +4<<:,/ Glvfuhwh Pxowlyduldwh Glv0

wulexwlrqv/ Zloh| Vhulhv lq Suredelolw| dqg Vwdwlvwlfv/ Mrkq Zloh| dqg
Vrqv/ Qhz \run1

Oxjhu/ P1 ) Vkhww|/ V1 +4<;8,/ cGhwhuplqdqwv ri iruhljq sodqw vwduw0xsv lq wkh
xqlwhg vwdwhv= Ohvvrqv iru srolf|pdnhuv lq wkh vrxwkhdvw*/ Ydqghuexlow
Mrxuqdo ri Wudqvqdwlrqdo Odz 4;/ 556�5781

Oxnhu/ E1 +4<<;,/ cIruhljq lqyhvwphqw lq wkh qrqphwursrolwdq x1v1 vrxwk dqg
plgzhvw= D fdvh ri plphwlf orfdwlrq ehkdylruB*/ Lqwhuqdwlrqdo Uhjlrqdo
Vflhqfh Uhylhz 54+5,/ 496�4;71

PfIdgghq/ G1 +4<:7,/ Frqglwlrqdo Orjlw Dqdo|vlv ri Txdolwdwlyh Fkrlfh Eh0

kdylru/ Dfdghplf Suhvv/ Qhz \run/ fkdswhu 7/ ss1 438�4751

PfIdgghq/ G1 +4<:;,/ Prghoolqj wkh Fkrlfh ri Uhvlghqwldo Orfdwlrq/ Qruwk0
Kroodqg/ Dpvwhugdp/ fkdswhu 6/ ss1 :8�<91

Ö*kXdoodfkälq/ E1 ) Uhlg/ Q1 +4<<:,/ cDftxlvlwlrq yhuvxv juhhq�hog lqyhvw0
phqw= Wkh orfdwlrq dqg jurzwk ri mdsdqhvh pdqxidfwxuhuv lq wkh xqlwhg
vwdwhv*/ Uhjlrqdo Vwxglhv 64+7,/ 736�7491

Rqgulfk/ M1 )Zdv|ohqnr/ P1 +4<<6,/ Iruhljq Gluhfw Lqyhvwphqw lq wkh Xqlwhg

Vwdwhv/ Z1 H1 Xsmrkq Lqvwlwxwh iru Hpsor|phqw Uhvhdufk/ Ndodpd}rr/
Plfkljdq1

Vfkphqqhu/ U1/ Kxehu/ M1 ) Frrn/ U1 +4<;:,/ cJhrjudsklf gl�huhqfhv dqg wkh
orfdwlrq ri qhz pdqxidfwxulqj idflolwlhv*/ Mrxuqdo ri Xuedq Hfrqrplfv

54+4,/ ;6�4371

Vplwk/ G1 ) Iorulgd/ U1 +4<<7,/ cDjjorphudwlrq dqg lqgxvwuldo orfdwlrq=
Dq hfrqrphwulf dqdo|vlv ri mdsdqhvh0d!oldwhg pdqxidfwxulqj hvwdeolvk0
phqwv lq dxwrprwlyh0uhodwhg lqgxvwulhv*/ Mrxuqdo ri Xuedq Hfrqrplfv

69+4,/ 56�741

Wudlq/ N1 +4<;9,/ Txdolwdwlyh Fkrlfh Dqdo|vlv= Wkhru|/ Hfrqrphwulfv/ dqg

dq Dssolfdwlrq wr Dxwrpreloh Ghpdqg/ Wkh PLW Suhvv/ Fdpeulgjh/
Pdvvdfkxvvhwwv1
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Zrrgzdug/ G1 +4<<5,/ cOrfdwlrqdo ghwhuplqdqwv ri mdsdqhvh pdqxidfwxulqj
vwduw0xsv lq wkh xqlwhg vwdwhv*/ Vrxwkhuq Hfrqrplf Mrxuqdo 8;+6,/ 9<3�
:3;1
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